ABSTRACT A result of boundary p-index is presented for a vector bundle on a complex analytic variety with boundary. A characterization of which odd-dimensional, real submanifolds of.CN are boundaries of complex subvarieties (respectively submanifolds) in CN is given. Let Y be Stein analytic variety of pure dimension n with only finite number of isolated singularities. Let V c c Y be an open set with strongly pseudoconvex boundary X, a C-manifold. Suppose that X does not contain any singular point of Y. Assume X defined by r = 0, where dr # 0 on Y, and V = ty E Y: r(y) < 01. For E a holomorphic vector bundle on a neighborhood of V, define vector spaces as follows:
< 01. For E a holomorphic vector bundle on a neighborhood of V, define vector spaces as follows:
A1PM(E) = $ E C -(Vrg, E ®Pq): 4) extends smoothly across XI F9Pq(E) = {4 EA P q(E): 3r A O I x = 01. a on .AP,*(E) preserves QP, (E), and so passes to Z8P,*(E): -Ep*(E)/UP,*(E), 5P*(E) is the 5b-complex associated with E. Denote its cohomology groups by HP q(Z(E)). It is well known that dim HP.q(!5(E)) < co for 1 < q < n -2.
Definition 1: The boundary p-index of the vector bundle E is x£(E): = In-, (-1)9HP.q(!(E)). in Stein manifold W. Suppose the Levi form of X is not identically zero at every point of X. Then there exists a complex analytic subvariety V ofdimension n of W -X such that the boundary of V is X in the sense of point set topology. We should emphasize that when the Levi form is zero at some point the method we use breaks down completely. Indeed, there are examples of this kind such that one cannot find V as in Theorem 2. This explains why the result of Harvey and Lawson is interesting and important.
The idea of the proof of Theorem 2 for W = CN goes as follows. We first extend X to a "strip" of variety in CN by the Lewy theorem (3). Then we apply the deep theorem of Rothstein and Sperling. Their result (Theorem I, p. 547 of ref. 4) provides us a normal variety V' over CN such that Theorem 2 is true. When we project this back to CN, we may get an extra component of variety coming from the interior of V'. This extra variety intersects the original strip of variety in complex codimension one subvariety, hence real codimension one in X which is of (2n -l)-measure zero. Therefore we do not have boundary regularity at every point but instead boundary regularity outside a set of (2n -l)-measure zero.
The problem of nonexistence of singularities inside V has not been solved. In order to solve the problem, obviously we have to put some more conditions on the boundary X. However, it seems very difficult to get a right condition because of the fol- Proof: This is an easy consequence of Theorem 1 and Theorem 2 and the fact that the number of local moduli for isolated hypersurface singularity is never zero.
Remark 2: There are theorems similar to Theorem 1 and Theorem 3 if one replaces strongly pseudoconvexity of the boundary by some other Levi-convexity condition.
